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Abstract 

Suppose one is given a discrete group G, a cocompact proper G- 
manifold M , and a G-self-map f : M ^ M. Then we introduce the equiv- 
ariant Lefschetz class of /, which is globally defined in terms of cellular 
chain complexes, and the local equivariant Lefschetz class of /, which is 
locally defined in terms of fixed point data. We prove the equivariant Lef- 
schetz fixed point theorem, which says that these two classes agree. As a 
special case, we prove an equivariant Poincare-Hopf Theorem, computing 
the universal equivariant Euler characteristic in terms of the zeros of an 
equivariant vector field, and also obtain an orbifold Lefschetz fixed point 
theorem. Finally, we prove a realization theorem for universal equivariant 
Euler characteristics. 
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0. Introduction 



Let us recall the classical Lefschetz fixed point theorem. Let / : M ^ M be 
a smooth self- map of a compact smooth manifold M, such that Fix(/) n9M = 
and for each x G Fix(/), the determinant of the linear map (id —T^f) : T^M 
TxM is different from zero. Denote by T^M'^ the one-point compactification of 
T^M, which is homeomorphic to a sphere. Let (id-r^/)'=: T^M" T^M" be 
the homeomorphism induced by the self-homeomorphism {id— T^f): T^M 
TxM . Denote by Aeg{(\d—TxfY) its degree, which is 1 or —1, depending on 
whether det(id— T^;/) is positive or negative. Let 

Y,{~lY-tMH,{fm = 5](-l)^-trz(Cp(/)) 

p>0 p>0 
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be the classical Lefschetz number of /, where Hp{f\ Q) is the map on the singular 
homology with rational coefficients and Cp{ f) is the chain map on the cellular Z- 
chain complex induced by / for some smooth triangulation of M. The Lefschetz 
fixed point theorem says that under the conditions above the fixed point set 
Fix(/) = {a; G M I f{x) = x} is finite and 

L^^™{f) = E deg((id-r./)^). (0.1) 

For more information about it we refer for instance to [Q . 

The purpose of this paper is to generalize this to the following equivariant 
setting. Let G be a (not necessarily finite) discrete group G. A smooth G- 
manifold AI is a smooth manifold with an action of G by diffeomorphisms. It is 
called cocompact if the quotient space G\M is compact. It is proper if the map 
G X M ^ M X M, (g, m) i— > {g -m, m) is proper; when the action is cocompact, 
this happens if and only if all isotropy groups are finite. One can equip M 
with the structure of a proper finite G-Ciy-complex by an equivariant smooth 
triangulation The main result of this paper is 

Theorem 0.2 (Equivariant Lefschetz fixed point theorem) Let G be a 

discrete group. Let M he a cocompact proper G-manifold (possibly with bound- 
ary) and let f : Af — > M be a smooth G-map. Suppose that Fix(/)n9Af ~ and 
for each x € Fix(/) the determinant of the linear map id— T^./: Tj.M — > T^M 
is different from zero. 

Then G\Fix(/) is finite, the equivariant Lefschetz class of f (see Definition 

15./ 



A^(/) e U^{M) 
is defined in terms of cellular chain complexes, and the local equivariant Lef- 



schetz class of f {see Definition 4-(-) 



Ag,(/) e C/«(M) 

is defined. Also A^{f) and J^i^^if) depend only on the differentials T^f for 
X G Fix(/), and 

A^(/) = Ag,(/). 



If G is trivial, Theorem 0.2 reduces to ( |0.l| ). We emphasize that we want to 
treat arbitrary discrete groups and take the component structure of the various 
fixed point sets into account. 

In Section n] we will define the orbifold Lefschetz number, which can also be 
viewed as an Z?-Lefschetz number, and prove the orbifold Lefschetz fixed point 
theorem 2.1 in Section ^ It is both a key ingredient in the proof of and a special 



case of the equivariant Lefschetz fixed point theorem 0.2. 

In Section ^ we introduce the equivariant Lefschetz class A^{f), which is 
globally defined in terms of cellular chain complexes, and in Section ^ we in- 
troduce the local equivariant Lefschetz class A^^{f), which is locally defined 
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in terms of the differentials at the fixed points. These two are identified by 
the equivariant Lefschetz fixed point theorem 0.2, whose proof is completed in 
Section |[ 

A classical result (the Poincare-Hopf Theorem) says that the Euler charac- 
teristic of a compact smooth manifold can be computed by counting (with signs) 
the zeros of a vector field which is transverse to the zero-section and points out- 
ward at t he b oundary. This is a corollary of the classical Lefschetz fixed point 
theorem ( |0.l|) via the associated flow. In Section ^ we will extend this result 
to the equivariant setting for proper cocompact G-manifolds by defining the 
universal equivariant Euler characteristic, defining the index of an equivariant 
vector field which is transverse to the zero-section and points outward at the 
boundary, and proving their equality in Theorem 3.6. As an illustration we 
explicitly compute the universal equivariant Euler characteristic and the local 
equivariant index of an equivariant vector field for the standard action of the 



infinite dihedral group on M in Example 6.9 



To prove Theorem 6.6 was one motivation for this paper, since it is a key 
ingredient in . There a complete answer is given to the question of what infor- 
mation is carried by the element Eul''(M) € KOq{M), the class defined by the 
equivariant Euler operator for a proper cocompact G-manifold M. Rosenberg 
[ pi] has already settled this question in the non-equivariant case by perturbing 
the Euler operator by a vector field and using the classical result that the Euler 
characteristic can be computed by counting the zeros of a vector field. The 
equivariant version of this strategy will be applied in , which requires having 
Theorem |6.6| available. 

In Section ^ we discuss the problem whether there exists a proper smooth G- 
manifold M with prescribed sets 7ro(M^) for 7? C G such that x'^(M) realizes 
a given element in U'^{M). A necessary and sufficient condition for this is given 



in Theorem l.i. Again this will have applications in |10 



The paper is organized as follows: 

1. The orbifold Lefschetz number 

2. The orbifold Lefschetz fixed point theorem 
3 The equivariant Lefschetz classes 

4. The local equivariant Lefschetz class 

5. The proof of the equivariant Lefschetz fixed point theorem 

3. Euler characteristic and index of a vector field in the equivariant setting 
7. Constructing equivariant manifolds with given component structure and 

universal equivariant Euler characteristic 
References 



1. The orbifold Lefschetz number 



In order to define the various Lefschetz classes and prove the various Lef- 
schetz fixed point theorems for cocompact proper G-manifolds, we need some 
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input about traces. 

Let i? be a commutative associative ring with unit, for instance i? = Z or 
R — Let It: P ^ P be an endomorphism of a finitely generated projective 
i?G'-module. Choose a finitely generated projective _RG-module Q and an iso- 
morphism v: P ® Q ^ ®iei '^'-"^ some finite index set /. We obtain an 
i?G-endomorphism 

vo{u®0)ov-^: i?G ^ RG. 

iei iei 

Let A = (aij)ijg/ be the matrix associated to this map, i.e., 



V o (u(BO) ov ^{{wi I i e /}) = < ^ Wi ■ Oij 



Define 



tiRG-RG R, Y.'^a-g ^ n (1.1) 

geG 

where ri is the coefficient of the unit element 1 G G. Define the RG-trace of u 

by 

tTRoiu) := ^tTRG{a^i) eR. (1.2) 

We omit the easy and well-known proof that this definition is independent 
of the various choices such as Q and v and that the following Lemma 1.3 is true. 
Lemma 1.3 (a) Let u: P ^ Q and v. Q ^ P be RG-maps of finitely gener- 
ated projective RG-modules. Then 

tr^Rcl"!^ o m) = trflG(u o v); 
(b) Let Pi and P2 be finitely generated projective RG-modules. Let 

Pi © P2 ^ Pi © P2 

"2,2 J 

be a RG-self-map. Then 



"1,1 "1,2 
"2,1 "2,2 



tri?G ( "^'^ "^'^ ) = trflG("i,i) +tr_RG("2.2); 

"2,1 "2,2 

(c) Let ui,U2- P P be RG-endomorphisms of a finitely generated projective 
RG-module and ri,r2 G R. Then 

trfiGl?"! ■ "1 + f2 ■ "2) = T-i • tr_RG("l) + ^"2 • tr_RG("2); 
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(d) Let a: G K be an inclusion of groups and u: P ^ P he an endomor- 
phism of a finitely generated projective RG-module. Then induction with a 
yields an endomorphism a*u of a finitely generated projective RK -module, 
and 

tr RK{a*u) =^ tiRGiu); 

(e) Let a: H —> G be an inclusion of groups with finite index [G : H] and 
u: P P be an endomorphism of a finitely generated projective RG- 
module. Then the restriction to RH with a yields an endomorphism a*u 
of a finitely generated projective RH -module, and 

tyRH{a*u) [G : H]- ivRG{u); 

(/) Let H C G be finite such that \H\ is invertible in R. Let u: R[G/H] —f 
R[G/H] be a RG-map which sends IH to J2gHGG/H '''gH " gH- Then 
R[G/H] is a finitely generated projective RG-module and 

trflG(u) = \H\^^-riH; 
ti-flG(idfl[G/H]) = \H\^'^. 

Let G be a discrete group. A relative G-CVF-complex (X, A) is finite if and 
only if X is obtained from A by attaching finitely many equivariant cells, or, 
equivalently, G\{X/A) is compact. A relative G-GVK-complex {X,A) is proper 
if and only if the isotropy group Gx of each point x ^ X — A is finite (see 
for instance @, Theorem 1.23 on page 18]). Let (/, /o): iX,A) {X,A) be 
a cellular G-self-map of a finite proper relative G-Giy-complex {X,A). Let R 
be a commutative ring such that for any x £ X — A the order of its isotropy 
group Gx is invertible in R. Then the cellular i?G-chain complex G* {X, A) 
is finite projective, i.e., each chain module is finitely generated projective and 
Cp{X, A) — for p > d for some integer d. 

Definition 1.4 Define the orbifold Lefschetz number of {f,fo) by 

L^'^'ifJo) := ^(-ir-trflG(Gp(/,/o)) e R. (1.5) 

One easily proves using Lemma |l.3| 

Lemma 1.6 Let (/, /o): ^) ~* (A", A) be a cellular G-self-map of a finite 
proper relative G-CW -complex such that \Gx\ is invertible in R for each x £ 
X-A. Then: 

(a) The equivariant Lefschetz number L^'^ {f , /q) depends only on the G-homo- 
topy class of{f,fo); 

(b) Let (.g,.go): (AT, A) ^ {Y,B) and {h,ho): {Y,B) {X,A) be cellular G- 
maps of finite proper relative G-GW- complexes such that \Gx\ is invertible 
in R for each x € X — A and \Gy\ is invertible in R for each y G Y — B . 
Then 

L^^igoh.gooho) = L^^{ho g^ho o gg); 
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(c) Let a: G K he an inclusion of groups. Then induction with a yields 
a cellular K -self-map a^{f , /o) of a finite proper relative K -CW -complex, 
and 

i^^K(/,/o)) = ^^^(/,/o); 

(d) Let a: H ^ G be an inclusion of groups with finite index [G : H]. Then 
restriction with a yields a cellular H -self-map a*{f, /o) of a finite proper 
relative H -CW -complex, and 

L^"{a*f) = [G : i/] • 

Remark 1.7 The rational number L''^'^{f,fo) agrees with the L'^-Lefschetz 
number L^'^^{f, fo;Af{G)) introduced in Section 6.8]. It can be read off from 
the map induced by (/, /o) on the i^-homology of {X, Xq) by the analog of the 
usual formula, namely by 

lQ«(/,/o) = L(2)(/,/o;AA(G)) = ^(-1^ • tr^(G) (fff (/, /o; AA(G))) , 

p>Q 

where tr^(G') is the standard trace of the group von Neumann algebra 7V(G). A 
similar formula exists in terms of Hn{X, Xq; Q) only under the very restrictive 
assumption, that each QG-module Hp{X,Xo;Q) is finitely generated projec- 
tive. If G acts freely, then L^^{f) agrees with the (ordinary) Lefschetz number 
L^Ki>l(G\(/,/o)) of the ceUular self-map G\(/,/o) of the finite relative CW- 
complex G\{X,A). If G is finite, then {X,Xq) is a finite relative GM^-complex 
and 

The following description of L'^{f) will be useful later. Let Ip{X, A) be the 
set of path components of Xp — Xp^i. This is the same as the set of open cells 
of {X, A) regarded as relative GVF-complex (after forgetting the group action). 
The group G acts on Ip{X, A). For an open p-cell e let Gg be its isotropy group, 
e be its closure and de = e — e. Then e/de is homeomorphic to and there is 
a homeomorphism 

h: V 7/de' ^Xp/Xp^i. 

e'eIp{X,A) 

For an open cell e G Ip {X, A) define the incidence number 

inc(/,e) e Z (1.8) 
to be the degree of the composition 

e/de ^ y '^/de' Xp/Xp_i 

e'eIp(X,A) 

^ Xp/Xp^, ^ V d/de' ^ e/de, 

e'eIp(X,A) 
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where ie is the obvious inclusion and pr^ is the obvious projection. Obviously 



inc(/, e) = inc(/, ge) for g £G. One easily checks using Lemma 1.3 



Lemma 1.9 Let {X,A) be a finite proper relative G-CW -complex. Consider a 
cellular G- map {f,fo)' {X,A) —>■ {X,A). Then 

Jo) = E |Ge|-^-inc(/,e). 

p>0 GeeG\Ip{X,A} 



2. The orbifold Lefschetz fixed point theorem 



This section is devoted to the proof of: 
Theorem 2.1 (The orbifold Lefschetz fixed point theorem) Let M be a 

cocompact proper G-manifold (possibly with boundary) and let f : M M be 
a smooth G-map. Suppose that Fix(Af ) n dM — and for any x e Fix{f) the 
determinant of the map (idT^-M ^T^f) is different from zero. Then G\Fix(/) 
is finite, and 



G\Fix(/) 



■deg((idr^M-T,/))=). 



Theorem 2.1 above will be a key ingredient in the proof of the equivariant 
Lefschetz fixed point theorem 3.2. On the other hand Theorem 0.2 implies 



Theorem 2.1 



Let us first consider as an illustration the easy case, where G is finite. Then 

^QG(^) = \G\-' ■ L«i>l(/) = \G\-' ■ i^»i>l(/) 

by Lemma and L^^^^^^f) is the (ordinary) Lefschetz number of the self- 

map f:M ^ M of the compact manifold M. The non-equivariant Lefschetz 
fixed point theorem says 

L^^'Hf) = E dcg((idT.A/-T,/)=). 

Fix(/) 



Thus Theorem 2.1 follows for finite G. The proof in the case of an infinite group 



cannot be reduced to the non-equivariant case in such an easy way since M is 
not compact anymore. Instead we extend the proof in the non-equivariant case 
to the equivariant setting. 
Proof of Theorem 



2.1 



Fix a G-invariant Ricmannian metric on M . Choose ei > such that for all 
X & M the exponential map is defined on D^^T^M = {v & T^M \ \\v\\ < ei}, 
where ||w|| for v G T^M is the norm coming from the Riemannian metric. Such 
ei > exists because G\M is compact. The image A^x.ei of the exponential 
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map on D^^T^M is a Gaj-submanifold of M and a compact neighborhood of x. 
The exponential map induces a G^^-diffeomorphism 

exPa;,ei : D^^T^M ^ TV^^^i 

with exp^ (0) = X whose differential at is the identity under the canonical 
identification TqD^^T^M = T^M. 

Since G\M is compact, we can choose 62 > such that f{Nx,e2) ^ ^x,ei 
and T^f{D^^T^M) C D^.T^M holds for aU x e Fix(/). Notice that exp^^,^ 
restricted to Df^T^M is exp^ ^^. We want to change / up to G-homotopy 
without changing Fix(/) such that expj],^ o/oexp^, and T^f agree on D^^T^M 
for some positive number £3 > and all x G Fix(/). Consider x S Fix(/). Notice 
that exp~J,^ of o exp^, sends to and has T^f as difi'erential at under the 
canonical identification T^D^^^T^M = T^M. By Taylor's theorem we can find 
a constant Gi > such that with respect to the norm on T^M induced by the 
Riemannian metric on M 

\\e^p^Xofoe^p,^^^{v)~T^f{v)\\ < Ci ■ \\v\\^ for v e D,,T,M. (2.2) 

Since det(id—Txf) ^ 0, we can find a constant G2 > such that 

mf{v)-v\\ > C2-\\v\\ ioYveT^M. (2.3) 

Choose a smooth function </>: [0,62] [0, 1] with the properties that (/)(t) = 1 
for t < min{G2/3Gi, £2/3} and 0(i) = for t > min{G2/2Gi, £2/2}. Define 

h: D,,T,M X [0,1] ^ D,,T,M 

by 

h{y,t) := (l-t0(||t;||)) •exp-i^o/oexp,,,^(^,)+i</>(||i;||)-T,/(«). 

Obviously /i is a G^^-homotopy from /iq = exp^r],^ of o exp^ to a Ga;-map 
hi. The homotopy h is stationary outside £'min{C2/2Ci, £2/2)^2:-^ ^^'^ ^1 agrees 
with Txf on D^^T^M if we put £3 = min{G2/3Gi, £2/8}. Each map ht has on 
Dmin{C2/2Ci,e2/2}TxM Only One fixed point, namely 0. This follows from the 
following estimate based on (2^) and (2^) for v E i^min{C2/2Ci.e2/2}^a;-^- 

\\ht{v)-v\\ 

> \\Txf{v)-v\\- 

11(1 - tc^iM)) ■ exp-i^ 0/ oexp,^,^(«) - (1 - tc^iM)) ■ TJiv)\\ 
= \\T,f{v) - t^ll - (1 - m\v\\)) ■ l|exp-i,, ofoe^p,^,^{v)-T,f{v)\\ 

> C,-\\v\\-il~mv\\))-Ci-\\v\\' 

> {C,^{l~tmv\\))-Ci-\\v\\)-\\v\\ 

> C2-\\v\\/2. 

In particular we see that the only fixed point of / on -/Vmin{C2/2Ci,c2/2},x is 
X. After possibly decreasing £1 we can assume without loss of generality that 
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Nf^^^x n A^ei.j/ = for a;, y G Fix(/),a; ^ y. Since M is cocompact, G\Fix(/) is 
finite. 

Since ht = ho has no fixed points outside Dmin{C2/2Ci,e2/2}TxM , each map 
ht has only one fixed point, namely 0. Since the G'2;-homotopy h is stationary 
outside Dniin{C2/2Ci,€2/2}TxM , it extends to a G-homotopy from / to a G-map 
/' such that Fix(/) = Fix(/') and 

exp-i^ of o exp,,,^(«) = Txfiv) = r,/(t;) 

holds for each x G Fix(/) and each v G D^^T^M. In the sequel we will identify 
Dc^T^M with the compact neighborhood N^i,x of x by exp^^^ for x G Fix(/). 
Since L'^'^(/) depends only on the G-homotopy class of /, we can assume in 
the sequel that / agrees with T^f: D^^TxM D^^T^M on D^^TxM for each 
X G Fix(/). 

Next wc analyze the Gaj-Hncar map T^f: T^M TxM for x G Fix(/). We 
can decompose the orthogonal Gj;-representation TxM as 

n 

TxM = 0^-* 

i=l 

for pairwisc non-isomorphic irreducible Gj-rcprcscntations Vi, V2, . . . , Vn and 
positive integers mi, TO2, . . . , rn„. The Ga;-linear automorphism Txf splits as 
®"=i/i for G;,-linear automorphisms fi: V^^* Let A = EndRG,(Vi) be 

the skew- field of G^j-linear cndomorphisms of Vi. It is cither the field of real 
numbers M, the field of complex numbers C or the skew-field of quaternions H. 
There is a canonical isomorphism of normed vector spaces 

EndKG.(V;"0 = M„.(A). 

Since the open subspace GLmX^i) ^ Mmi{Di) is connected for Di = C and 
= H and the sign of the determinant induces a bijection woiGLmii^)) — > 
{±1}, we can connect fi G Autg^ (Vi) by a (continuous) path to either id : V^^' 
VJ"' or to -idvi®id rr^i-i : y™' V"'\ This implies that we can find a de- 

i 

composition 

TxM = Vx®Wx 

of the orthogonal Gj^-representation T^M into orthogonal Ga;-subrcprescntations 
and a (continuous) path Wt: TxM TxM of linear Ga;-maps from Txf to 
2 • idy^ ® Ow^ such that id —Wt is an isomorphism for all t G [0, 1]. Since Wt is 
continuous on the compact set [0, 1], there is a constant G3 > 1 such that for 
each V G TxM and each t G [0, 1], 

IK(^^)|| < Cs-\\v\\. 

Choose a smooth function tp: [0, es/Gs] [0,1] such that ■4>{t) = 1 for t < 
es/SGs and tp{t) = for i > 2e3/3G3. Define a G^-homotopy 

u: D,^/c,TxM X [0,1] ^ D,,TxM, {y,t) ^ «;t.^(||^||)(v). 
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This is a Gj,-homotopy from JId.^t^m = T^JId^^t^m = w^ob.^T.M to a linear 
Gx-map Ui. The map Ui and the map 2idy^ © Ow^ '■ T^M — > T^M agree on 
^es/sCa^xM. For each t e [0,1] the map w*: D^^/c^T^M D^^T^M has 
only one fixed point, namely 0, since this is true for Wi for each t G [0, 1] by 
construction. The G^^-homotopy u is stationary outside D^^/zCiTxM . Hence 
it can be extended to a G-homotopy f7 : M x [0, 1] — > M which is stationary 
outside D2e/3C3TxM. Since 

deg((id-T,/)-) = deg((id-T,C/i)^), 
we can assume without loss of generality that / looks on D^^ic^T^M like 

2idy^ ® Qw^ : T^M = K © ^ T^M = K © 

for each x G Fix(/). By scaling the metric with a constant, we can arrange 
that we can take e/SGs = 1/2 and ei = 2, in other words, we can identify 
D2TxM with a neighborhood of a; in M and / is given on Di/2TxM by T^f = 
2 • idy^ ©Om/,- 

Let d be the metric on M coming from the Riemannian metric. Choose an 

integer S > such that the inequality d{y, f{y)) > S holds for each y G M, 
which does not lie in Di/2TxM for each x G Fix(/). Consider x G Fix(/). 
Choose G^-equivariant triangulations on the unit spheres 514 and SWx such 
that the diameter of each simplex measured with respect to the metric d is 
smaller than 6/8. Equip [0, 1] with the GM^-structure whose O-skeleton is \ 
i = 0,1,2,... ,2n} for some positive integer n which will be specified later. 
Equip -D1I4 with the G^j-G W-structurc which is induced from the product Gx- 
Giy-structure on 514 x [0, 1] by the quotient map 

SVx X [0,1]-. W„ {y,t)^t-y. 

This is not yet the structure of a simplicial Gj^-complcx since the cells look like 
cones over simplices or products of simplices. The cones over simplices are again 
simplices and will not be changed. There is a standard way of subdividing a 
product of simplices to get a simplicial structure again. We use the rcsiilting 
simplicial G^-structure on -Dil4- It is actually a Ga;-equi variant triangulation. 
Define analogously a Gx-simplicial structure on D\W. 

Notice that ^ ^il4 inherits a G.i-GT4^-simplicial substructure. We 

will also use a second Ga;-simplicial structure on i?i/2l4) which will be denoted 
by D112VI. It is induced by the product Gx-GPF-structure on 514 x [0, 1] above 
together with the the quotient map 

514 X [0, 1] ^ £'1/214, {y,t) ^ t/2 ■ y. 

The Gx-simplicial -structure on D112VI is finer than the one on D1/2I4 but 
agrees with the one on r>i/2l4 on the boundary. The map 2 id: 14 14 

— 

induces an isomorphism of Gx-simplicial complexes 2 id: Di/2lx — ^ i^i/2l4j 
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but it docs not induce a simplicial map 2 id: Di/2Vx DiVx- The latter map 
is at least cellular with respect to the Ga;-CH^-structures induced from the Gx- 
simplicial structures since the p-skeleton of £'1/2^; is contained in the p-skeleton 

of 

We equip DiVx x DiWx, -D1/2I4 x DiW^ and -D1/2K; x DiW^ with the 
product Gx-simplicial structure. Again this requires subdividing products of 
simplices (except for products of a simplex with a vertex) . 

Recall that we have identified D2TxM with its image under the exponen- 
tial map. Choose a complete set of representatives {xi,X2,--- ,Xk} for the 
G-orbits in Fix(/). By the construction above we get a G-triangulation on 

the G-submanifold Ui=i ^ ^Gx- -^i^i ^ DiWx^ of M such that the diameter 
of each simplex is smaller than i5/4 if we choose the integer n above small 
enough. It can be extended to a G-triangulation K of M such that each 
simplex has a diameter less than 5/4. Let K' be the refinement of K which 
agrees with K outside 1)1/2^^; x DiW and is D1/2T4'. x DiW on the sub- 
space Di/2^4. X DiW. Then f : K' ^ K is a G-map which is simplicial on 
U.i=i G Xg,. {D1/2VI. X DiWxTxM). The construction in the proof of the 
(non-equivariant) simplicial approximation theorem yields a subdivision K" of 
K' such that K" and K' agree on \[\^^ G Xg,^ {Di/2Vx, x DxWx^) and a G- 
homotopy h: M x [0, 1] M from /lo = / to a simplicial map hi : K" K 
such that h is stationary on Uji^^ G Xg^. (-Di/2V^'. x DiWxi) and the track of 
the homotopy for each point in M lies within a simplex of K. Recall that any 
simplex of K has diameter at most 5/4 and d{y, f(y)) > 5 holds for y G M which 
does not lie in Yl'i=i ^ {Di/2Vx. x DiWxi)- Hence for any simplex e G K" 

outside Y[l^-^ G Xg,, x DiWx,) we have hi{e) n e = 0. The G-map 

hi : K" — » K" is not simplicial anymore but at least cellular with respect to the 
G-GW-structure on M coming from K" . This comes from the fact that each 
skeleton of K" is larger than the one of K' . 

Next we compute inc(ft,i,e) for cells e in M with respect to the G-CW- 
structure induced by K" . Obviously inc(/ii,e) = if e does not belong to 
lJi=i Cl^G^. {Di/2Vx. X DiWxi) since for such cells e we have /ii(e) fie = 0. If e 
belongs to Di/2^. x DiWxt its image under h\ = f = 2idy^. ® Qw^. does not 
meet the interior of e unless it is the zero simplex sitting at (0, 0) G T4. (BWx^ or 
a simplex of the shape {t- x\t ^ [0, l/4n], x G e} x {0} for some simplex in e G 
SVxi ■ Hence among the cells in D1/2 V^^ x Di Wx^ only the zero simplex sitting at 
(0, 0) G T4, © Wxi and the simplex of the shape {t-x \ t e [0, l/4n], .t G e} x {0} 
for some simplex in e G SVx^ can have non-zero incidence numbers inc(/, e) and 
one easily checks that these incidence numbers are all equal to 1. Hence we get 
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using Lemma |1.9| and the equality inc(/, e) = inc(/, ge) 



p>0 GeeG\Ip{K") 

E(-i)^-E E 

p>0 i=l G^^ee 

G^^\Ip(Di^2V^.xDiW) 



|(G,Jer'-inc(/,e) 



EM)''-EiG..r^ E 

k 

^(-If .^IG.J-i 5] inc(/,e) 

p>o i=i ee/p(ni/2K.'^xniW) 



|G,,/(G,Je|-inc(/,e) 



- E 

fe 

= E 

k 

= E 

i=l 

- E 

k 

= E 

i=l 
fe 

= E 



G3. 



Ga: 



Gx 



Gx 



Gx 



"'E(-i)'- E 

p>0 ee/p(Di/2V4xDiiy) 

-1 fi + E(-i)'-iVi(^v;j 
V p>i 

"l(_l)dim(V'^.) 

.1 det(id-r,,/) 
|det(id-T,J)| 

-Ueg{{\d-Txjf) 



i=l 



J2 I G,r i-deg( (id -T,./r 

GxeG\ Fix(/) 



This finishes the proof of Theorem 2.1 



3. The equivariant Lefschetz classes 



In this section we define the equivariant Lefschetz class appearing in the 
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equivariant Lefschetz fixed point Theorem 3.2. We will use the following nota- 
tion in the sequel. 

Notation 3.1 Let G be a discrete group and H C_ G be a subgroup. Let NH = 
{g e G \ gHg^^ = H} be its normahzer and let WH NH/H be its Weyl 
group. 

Denote by consub(G') the set of conjugacy classes (H) of subgroups H <Z G. 
Let X be a G-GW -complex. Put 

X" := {xeX \ H C Gx}; 
X>" := {xeX\HC Gx}, 

where Gx is the isotropy group of x under the G-action. 

Let x: G/H ~^ X be a G-map. Let X^{x) be the component of X^ con- 
taining x{lH). Put 

x>"{x) = x"{x)nx>". 

Let WHx be the isotropy group of X^(x) E tto{X^) under the WH -action. 

Next we define the group U'^{X)^ where the equivariant Lefschetz class will 
take its values. 

Let no(G, X) be the component category of the G-space X in the sense 
of torn Dieck H, 1.10.3]. Objects are G-maps x: G/H X. K morphism 
(7 from x: G/H X to y: G/K ^ X is a G-map a: G/H G/K such 
that y o (J and x are G-homotopic. A G-map f : X Y induces a functor 
no(G,/): no(G,X) ^no(G,r) by composition with/. Denote by Is Ho (G, X) 
the set of isomorphism classes [x] of objects x: G/H X in IIq{G,X). Define 

U^{X) := Z[Isno(G,X)], (3.2) 

where for a set S we denote by Z[S'] the free abelian group with basis S. Thus 
we obtain a covariant functor from the category of G-spaces to the category of 
abelian groups. Obviously U^if) = U^{9) ii f,g: X -^Y ave G-homotopic. 
There is a natural bijection 

Isno(G,X) ^ W WH\^o{X"), (3.3) 

(_H")econsub(G) 

which sends x: G/H X to the orbit under the WH-action on t:q{X^) of the 
component X^ [x] of X^ which contains the point x{lH). It induces a natural 
isomorphism 

U'^iX) ^ nWHVoiX")]. (3.4) 

(ff)6consub(G) 

Let a : G ^ K he a group homomorphism and X be a G-GVF-complex. We 
obtain from a a functor 

a,:no{G,X)^IloiK,a,X) 
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which sends an object a; : G/ff — > X to the object : K / a{H) = a^{G / H) ^ 

a^X and similarly for morphisms. Thus we obtain an induction homomorphism 
of abelian groups 

a^:U^{X) U''^{a^X). (3.5) 

Next we define the equivariant Lefschetz class. Let X be a finite proper G- 
CW-complex. Let f : X —=> X he a, cellular G-map such that for each subgroup 
-ftT C G the map 7ro(/^): 7ro(X^) 7ro(X^) is the identity. For any G-map 
x: G / H ^ X it induces a map 

{f"{x),f>"{x)): {X"{x),X>"{x)) ^ {X"{x),X>"{x)) 

of pairs of finite proper H/TJaj-GVt^-complexes. Then 

is defined (see (O)) since the isotropy group under the W^-ffa;-action of any point 
in X"{x) - X>^{x) is trivial. 

Definition 3.6 We define the equivariant Lefschetz class of f 

aG(/) e C/«(X) 

by assigning to [x: G/H ^ X] G Isno(G, X) the integer 

^fH^^)j>H(^^y^ {X"{X),X>"{X)) ^ {X"{X),X>"{X))) , 

if ■ X^ X^ maps X^{x) to itself, and zero otherwise. 

Since X>"{x) ^ X"{x) and therefore L^^"- (f" (x), f>" (x)) ^ holds 
only for finitely many elements [a;] in Isno(G, X), Definition |3.6| makes sense. 
Notice for the sequel that f"{X"{x)) n XfVx) ^ implies f"{X"{x)) C 
X^{x). The elementary proof that Lemma 1.6 implies the following lemma is 
left to the reader. 

Lemma 3.7 Let X he a finite proper G-CW -complex. Let f : X ^ X he a 
cellular G-map. Then 

(a) The equivariant Lefschetz class A'^(/) depends only on the cellular G- 
homotopy class of f; 

(6) If f : Y ^ Y is a cellular G-self-map of a finite G-CW -complex and 
h: X ^ Y is a cellular G-homotopy equivalence satisfying ho f /' o h, 
then U^{h): [/^(AT) ^ [/^(F) is bijective and sends A^{f) to A^if ); 

(c) Let a: G —>■ K he an inclusion of groups. Denote by a^f the cellular 
K-self-map obtained by induction with a. Then 

A^(a,/) = a,AG(/). 
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By the equivariant cellular approximation theorem (see for instance j^, The- 
orem 2.1 on page 32]) any G-map of G-C W-complexes is G-homotopic to a 
cellular G-map and two cellular G-maps which are G-homotopic are actually 
cellularly G-homotopic. Hence we can drop the assumption cellular in the se- 
quel because of G-homotopy invariance of the equivariant Lefschetz class (see 
Lemma 3.7 (H)). 



4. The local equivariant Lefschetz class 



In this section we introduce the local equivariant Lefschetz class in terms of 
fixed point data. Before we can define it, we recall the classical notion of the 
equivariant Lefschetz class with values in the Burnside ring for a finite group. 

Let K he a finite group. The abelian group U^{{*}) is canonically isomor- 
phic to the abelian group which underlies the Burnside ring A{K). Recall that 
the Burnside ring is the Grothendieck ring of finite JsT-sets with the additive 
structure coming from disjoint union and the multiplicative structure coming 
from the Cartesian product. 

Let X be a finite if-GM^-complex. Define the equivariant Lefschetz class 
with values in the Burnside ring of / 

A^if) e A(X) = C/^'({*}) (4.1) 

by 

(H)econsuh(K) 

(Here and elsewhere the subscript o shall indicate that the corresponding in- 
variant takes values in the Burnside ring and the component structure of the 
various fixed point sets is not taken into account.) Denote by 

ch^:A{K) n ^ (4-2) 

(H)econsuh(K) 

the character map which sends the class of a finite set S to the collection {\S^\ \ 
(H) G consub(i4r)} given by the orders of the various H-Rxed point sets. The 
character map is a ring homomorphism, and it is injective (see Lemma |5.3D . 
The equivariant Lefschetz class Aq [f) is characterized by the property (see for 
instance H, Theorem 2.19 on page 504]), Lemma 3.3 on page 138]) 

cho^(Ao^(/)) = {L^[^i>l(/^)|(ff)Gconsub(i^)}. (4.3) 

If pr: X {*} is the projection, then t/^'(pr): U^{X) C/^({*}) = A{K) 



sends A^if) (see Definition 1^) to (/) defined in (|t]) 

Let F be a (finite-dimensional) iiT-representation and let / : V ~> he a. 
-fC-self-map of the one-point-compactification V^. Define its equivariant degree 



Deg^(/) G A{K)^U^{{*}) (4.4) 
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by 

Deg„^'(/) :^ (A„^(/) - 1) • (Ao^(idv.) - 1). 



Since the character map (4.2) is an injective ring homomorphism, we conclude 
from (4.3) above that Degp (/) is miiquely characterized by the equahty 



ch^(Deg^(/)) - {deg(D I (ff) e consub(i^)}, (4.5) 

where deg(/^) is the degree of the self-map f^: (V^)^ — > (V^)^ of the con- 
nected closed orientable manifold {V^}^ , if dim((y'^)-^) > 1, an d de g(/^) is 



defined to be 1, if dim((T^'^)^) — 0. The equivariant degree of (4^) induces 
an isomorphism from the /iT-equivariant stable cohomotopy of a point to the 
Burnsidc ring A{K) ^ Theorem 7.6.7 on page 190], (l|]. 

Let M be a cocompact proper G-manifold (possibly with boundary). Let 
f-.M^Mhea smooth G-map. Denote by Fix(/) = {x e X \ f{x) = x} the 
set of fixed points of /. Suppose that for any x £ Fix(/) the determinant of the 
linear map id— T^/: TxM TxM is different from zero. (One can always find 
a representative in the G-homotopy class of / which satisfies this assumption.) 
Then G\Fix(/) is finite. Consider an element x e Fix(/). Let a^'- Gx ^ G 
be the inclusion. We obtain from {ux)* (see (|3.5|)) and U'^{x) for x G Fix(/) 
interpreted as a G-map x: G/Gx — X a homomorphism 

C/G.({,}) Jf^ U^'iG/Gx) U'^iX). 

Thus we can assign to a; e Fix(/) the element U'~' {x)o{ax)*{peg^'° {{id ~TxfY))j 
where HegQ^ {{lA—TxfY) is the equivariant degree (see (4^)) of the map in- 



duced on the one-point-compactifications by the isomorphism (id —Txf) '■ TxM 
TxM . One easily checks that this element depends only on the G-orbit of 

X e Fix(X). 

Definition 4.6 We can define the local equivariant Lefschetz class by 

^?oc{f) 

J2 {x) o {axY (J^eg^^ {{id -TxfY))) eU^{M). 

GxeG\Fix(J) 

Now have defined all the ingredients appearing in the Equivariant Lefschetz fixed 



point theorem 3.2. Before we give its proof, we discuss the following example 



Example 4.7 Let G be a discrete group and M be a cocompact proper G- 
manifold (possibly with boundary). Suppose that the isotropy group Gx of 
each point x ^ M has odd order. This holds automatically if G itself is a fi- 
nite group of odd order. Let /: A/ — * M be a smooth G-map. Suppose that 
Fix(/) n dM = and for each x £ Fix(/) the determinant of the linear map 
id —Txf : TxM TxM is different from zero. If iJ is a finite group of odd or- 
der, then the multiplicative group of units A{H)* of the Burnside ring is known 
to be {±1} |, Proposition 1.5.1]. The element Deg^^ ((id -T^/)=) G A{Gx) = 



16 



U^^{{*}) satisfies (Deg^"" {{id —T^ fY)] — 1 since this holds for its image un- 
der the injective ring honiomorphism ch^"' : A{Gx) n(//)econsub(GJ ^' "^^lose 
coefficient at {H) e consub(G:^) is deg{{id -T^ f)")" ) G {±1} (see (p])). Hence 
Deg^="((id-T^/)'=) belongs to A{Gx)* = {±1}. This implies that 

Hence the definition of the local equivariant Lefschetz class reduces to 

AG (n V det{id -Txf:TxM^TxM) 

^^o-^^) - 2^ I det(id-r,/: T,M ^ r,M)| ^"'^ ^^^^ ^^^^ 

where G/Gx M sends g ■ Gx to gx. 



Remark 4.8 Equivariant Lefschetz classes for compact Lie groups were studied 
in 1^. In the non-equivariant setting, universal Lefschetz classes with values in 
certain if-groups were defined and analyzed in It seems to be possible to 
combine the X-theoretic invariants there with the equivariant versions presented 
here to obtain a universal equivariant Lefschetz class. 



5. The proof of the equivariant Lefschetz fixed 

point theorem 



This section is devoted to the proof of the equivariant Lefschetz fixed point 



Theorem D.2 



First we define the character map for a proper G-CW^-complex X: 

ch^(X): C/«(X) ^ Q. (5.1) 

Isno(G,X) 

We have to define for an isomorphism class [a;] of objects x: G/H X 
in Ilo{G,X) the component ch*^(X)([x])[j^] of ch'^(X)([x]) which belongs to an 
isomorphism class [y] of objects y: G/K X in Ilo{G,X), and check that 
X*^(-'f)([a;])[j^] is different from zero for at most finitely many [y]. Denote by 
mor(y,x) the set of morphisms from y to a; in IIq{G,X). We have the left 
operation 

Aut(y) X mor(j/, x) — *■ mor(y, a;), {a, r) i-^ r o a^^. 
There is an isomorphism of groups 

WKy ^ Ant{y) 
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which sends gK G WKy to the automorphism of y given by the G-map 

Rg-^ : G/K ^ G/K, g' K ^ g'g-'K. 

Thus mor(y, x) becomes a left WKy-set. 

The WKy-set mor(y, x) can be rewritten as 

mov{y,x) - {.9 e G/i/^ I 5 • x(lif) e 

where the left operation of WKy on {g G G/H^ \ g ■ x{lH) e Y^^{y)} comes 
from the canonical left action of G on G/iJ. Since H is finite and hence contains 
only finitely many subgroups, the set WK\{G/ H^) is finite for each K C- G and 
is non-empty for only finitely many conjugacy classes (K) of subgroups K <Z G. 
This shows that mor(y, a:) ^ for at most finitely many isomorphism classes [y] 
of objects y G ^o{G, X) and that the WKy-set moi{y, x) decomposes into finitely 
many WKy orbits with finite isotropy groups for each object y £ Uo{G, X). We 
define 

ch'^(X)([x])[,] J2 \iWKyU^\ (5.2) 

WKy-ae 
WKy\ moi-(y,x) 

where {WKy)cr is the isotropy group of cr e mor(y,x) under the WKy-action. 
Notice that ch''(X)([a;])[y] is the same as dimQwi^-^ (Q(mor(2/, x))), if one de- 
fines dimowK (P) of a finitely generated QWKy-modn\e P by trqwKy (idp) (see 



Lemma 1^ (g)). This agrees with the more general notion of the von Neumann 
dimension of the finitely generated Hilbert Af {WK y)-modu\c P{moi{y,x)). 

The character map ch'^(X) of ( |5.ip should not be confused with the isomor- 
phism appearing in (3^). If G is finite a nd X = {*}, then character map ch'~^{X) 



of (|5.l| ) and the character map ch^ of (^ are related under the identifications 
U^{{*}) = A{G) and Isno(G, {*}) = consub(G) by 

(ch^)(^) = |W7J|.ch«({*})(H) 

for {H) e consub(G). 



Lemma 5.3 The map cli^ of ( ^.l[ ) is injective. 
Proof : Consider u G U^{X) with ch^{X){u) — 0. We can write m as a finite 



sum 



i=l 



for some integer n > 1 and integers mi such that [xi] = [xj] implies i — j and 
such that Hi is subconjugate to Hj only if z > j or (Hi) — {Hj). We have to 
show that M = 0. It suffices to prove 



ch«(X)(H)[,,] 



if i > 1 

1 if i = 1 
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because then mi = follows and one can show inductively that = for 
i = 1,2,... ,n. Suppose that ch'^(X)([xi])[a;j] ^ 0. Then mor(a;i, a;^) is non- 
empty. This implies that im(xi) n X^^ is non-empty and hence that Hi is 
subconjugate to Hi. From the way we have enumerated the iJj's we conclude 
(Hi) = {Hi). Since \m{xi) Ci X^^ (xi) is non-empty, we get [xi] = [xi] and hence 
i — 1. Since by definition ch*^(X)([a;i])[a;j] — 1, the claim follows. ■ 



Lemma 5.4 Let f: X ~* X be a G-self-map of a finite proper G-CW -complex 
X. Let [y] be an isomorphism class of objects y: G/K —f X in no(G, X). Then 



Ch<=(X)(A«(/))[,] : 

if f^{X^{y))^X^{y) and 



(/UK(,):X^'(y)^X^(y)), 



ch«(X)(A«(/)), 



othe 



Proof : We first consider the case f^{X^{y)) C X^{y). Let Xp be the p-th 
skeleton of X. Then we can write Xp as a G-pushout 



UZi G/H, X DP 



X, 



p 



for an integer > and finite subgroups Hi C G. For each i G Ip let 
Xp^i : G / Hi X he the G-map obtained by restricting the characteristic map 



Qp^i to G/Hi X {0}. For i = 1,2, . . . ,p define 



inc(/,_p,i) 



inc(/, ei) 



(5.5) 



where is the open cell Qp^i{gHi x {D^ — ^)) for any choice of gHi G G/Hi 



and inc(/, e^) is the incidence number defined in (l.S). Since / is G-equivariant, 
the choice of gHi ^ G/Hi docs not matter. 

Now the G-GM^-structure on X induces a WKj^-GW^-structure on X^{y) 
whose p-skeleton X^{y)p is X^{y) n Xp. Let x: G/H ^ X be an object in 
no(G, X). Recall that mor(y, x) is the set of morphisms from ?/ to a; in IIq{G, X) 
and carries a canonical VWfj^-operation. One easily checks that there is a WKy- 
pushout diagram 

UZi^ov{y,Xp,)y.SP-' U2i<^ 



Ur=i nior(y, Xp,,) x 



19 



where the maps Qp iiy) and Q^j(y) are induced by the maps qp^i and Qp^i in the 
obvious way. We conclude from Lemma 1.9 



E(-l)'-E E \{WKyU-'-mcif,p,2), (5.6) 

WKy \ mor{y ,Xp^i) 



where the incidence number inc(/, p, i) has been defined in ( ^.5[ ). 

Analogously we get for any object x: G/H — > X a VFiJa;-pushout diagram 



Ui=l,2... ,n 

\x„.i] = lx 



,Aut(x,x) X '"'^"^ X"{x)p-iUX>"{x) 



X"{x)pUX>"ix) 



lJ,:=i.2....np Aut(a;,a;) x DP 



Xpi=X 



describing how the p-skeleton of the relative VKHa^-CM^-complex (X^ {x), X^^{x)) 



is obtained from its (p — l)-skeleton. We conclude from Lemma 1.9 



{f"{x)J>"ix)): {X"{x\X>"{x)) - {X"{xlX>"{x))) 

- E(-l)'- E (5.7) 



p>0 



i—1,2,... ,np 
\x„,i] = \x] 



where inc(/, p, i) i s the number introduced in (5^). We get from the Definition 
p|of A'=^(/) and (13) 



ch'^(X)(A«(/))[,] = Y.^-ir ■J2inc{f,p,^) .ch^iX)i[xp,,%y (5.8) 

p>0 1=1 



Now Lemma 



5.4 



follows from the definition (5.2) of ch (A')([a;p^i])[j,] and equa- 



tions and^) in the case f^{X^{y)) C X^{y) 



Now suppose that f^^{X^{y)) n X^{y) = 0. For any object x: G/H ^ X 
with u\ov[y,x) 7^ we conclude f"{X"{x)) fl ^'^^(a;) = and hence A'^(/) 
assigns to [x] zero by definition. We conclude ch'^(X)(A'^(/))[j^] = from the 
definition of ch*^. This finishes the proof of Lemma |5.4 ■ 



Lemma 5.9 Let M be a cocompact smooth proper G-manifold. Let f:M~f 
M be a smooth G-map. Suppose that for any x e Fix{f) the determinant 
det(idT3,/ — Tij;/) is different from zero. Let y: G/K M be an object in 
no(G', M). Denote by {WKy)x the isotropy group for x G Fix(/|^fK'(y-)) under 
the WKy-action on M^{y). 
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Then G\ Fix(/) is finite and we get 

ch«(M)[,](Ag,(/)) 

^ |(W,).r^.deg((idr,M-te)-r.(/lM-fe)))'). 

WKyxe 

Proof : We have already shown in Theorem that G\ Fix(/) is finite. 

Consider x G M. Let be its isotropy group under the G-action and denote 
by X : G/Gx M the G-map g i— > gx. Let '■ G^ — > G be the inclusion. Given 
a morphism cr: y ^ a;, let (WKy)a- be its isotropy group under the WT^T^-action 
and let (Kcr) be the element in consub(Ga;) given by g~^Kg for any element 
g e G for which a: G/K G/Gx sends g'K to g'gG^- Notice that {K„) 
depends only on WKy ■ a G W/iTyy mor(y, x). We first show for the composition 

that for each u G C/'^"({*}) 
ch^{M)[y]oU'^{x)o{ax)4u) 

\{WKyU-'-ch^-{u\^^y (5.10) 

WKy-ae 

WKy \ moY{y,x) 

It suffices to check this for a basis element u — [G^/L] G U^{{*}) — A{Gx) for 
some subgroup L C G^- Let pr: G/L ^ G/G^ be the projection. We get from 
the definitions 

ch'^(M)[^] o[/G(a;)o(a,),([G/L]) 

= ch'^ (M) [y] { [xopv. G/L M] ) 

J2 \{WKy)r\-\ (5.11) 

WKyTG 

WKy\ mor(y,a:opr) 

We get a WKy-map 

q: mor(y, a; o pr) — ^ mor(?/, x), ri-^pror. 

We can write 

mor(?/,xopr) = ]J WfT^ x (^y^j^ ^"^(cr). 

VKKj/\ mor(y,x) 

The (WK'j,)o--set <?~^((t) is a finite disjoint miion of orbits 

ie/(o-) 
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This implies 



mor(y, x o pr) 



II II WKy/A, 



WKy \ mor(y,a;) 



and hence 



WKy\ mor(y ,a:opr) 



E E 

WKy\moi(y,x) 



Putting this into ( |5.1l|) yields 

ch^(M)[^] o U^{x) o (a,),([G/L]) 

= E E i^r^ 



(5.12) 



Obviously 



WKycr£ iel{<y) 
WKy\mor{y,x) 



\q-\a)\ = \{wKyU- E i^r'- 

ielicr) 



(5.13) 



If a: G/K G/Gx sends g' K to g'gGx for appropriate g G G with g ^iiTt; C 
Gx, then there is a bijection 



which maps g'L to the morphism Rgg' : G/K G/L, g"K g"gg'L. This 
implies 



k-i(a)I = |G./L«"'^^| = chJr^([GJL])(K„). 



(5.14) 



We conclude from the equations ( 5.12 ), ( 5.13 ) and ( 5.14 ) above that ( 5.10 ) 
follows for u — [Gx/L] and hence for all u £ ?7'^^({*}) — A{Gx)- 



Now we are re ady t o prove Lemma |5.9| . We get from the Definition [4.6| of 
Ag^(/) and from ( [slol) 



ch«(M)[,](Ag,(«)) 



= E E 

Gi;GG\Fix(/) WAr^-cre 

IWfjjV mor(y,2;) 

i(w-i^,).ri.ch;f- (Deg;r-((id-T./)=))) (5.15) 



We conclude from (4.5) 

ch^- (Deg|r-((id-r,/)^)) 



deg((idT,M-. -Txf'^'T) .(5.16) 
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If a: G/K G/Gx is of the form g'K ^ g'gGx for appropriate g E G with 
g-^Kg C Gx, then 



deg (idr^MK^ -Txf 



deg ((idy^^M^f fe) -Tgxif\MK(_y))y) (5.17) 



since / is G-equivariant. There is a bijection of WKy-sets 
]J mor(y,a;) Fix(/|MA-(y)) 

GxeG\ Fix(/) 

which sends ct £ mor(y,x) to (T(li4r) • x. Now Lemma 5.£ follows from ( 5.15D , 
( p6| ) and ( p7| ). ■ 



Because of Lemma 5.3, Lemma 5.4 and Lemma 5.9 the equivariant Lefschetz 
fixed point Theorem 0.2 follows from the orbifold Lefschetz fixed point Theorem 

m ■ 



6. Euler characteristic and index of a vector 
field in the equivariant setting 

Definition 6.1 Let X be a finite G-CW -complex X . We define the universal 
equivariant Euler characteristic of X 

by assigning to [x: G/H X] G IsIlo{G, X) the (ordinary) Euler characteris- 
tic of the pair of finite CW -complexes {WHx\X" {x),WHx\X>" {x)). If X is 
proper, we define its orbifold Euler characteristic 

p>0 G-eeG\Ip{X) 

where Ip{X) is the set of the open cells of the C W- complex X {after forgetting 
the group action) and Ge is the isotropy group of e under the G-action on Ip(X). 

One easily checks that x'~^{X) agrees with the equivariant Lefschetz class 
A'^(idx) (see Definition |3^) . It can also be expressed by counting equivariant 
cells. If x: G/H ^ X is an object in Uo{G,X) and ttp([a:]) is the number of 
equivariant p-dimensional cells of orbit type G/H which meet the component 
X"{x), then 

X^(X)([x]) = (6.2) 

p>0 
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The universal equivariant Euler characteristic is the universal additive invariant 
for finite G-CM^-complexes in the sense of Theorem 6.7]. 

The orbifold Euler characteristic x^'^i^) can be identified with L'^'^{idx) 
(see Definition |1.4D or with the more general notion of the L^-Euler characteristic 
x'-^HX;J\f{G)). In analogy with L^'^^f Ja-M{G)) (see Remark []^), one can 
compute x^'^\^'t^{G)) in terms of i^-homology 



X^^HX-M{G)) - ^(-ir-dim^(G)«)(X;AA(G)), 

p>0 



where dim^jg) denotes the von Neumann dimension (sec for instance |9[ Section 
6.6]). 



We conclude from Lemma 5.4: 



Lemma 6.3 Let X be a finite proper G-CW -complex X . Let [y\ he an isomor- 
phism class of objects y: G/K X in 7ro(G', X). Then 

ch«(X)[,](x^(X)) = 

Next we want to express the universal equivariant Euler characteristic of a 
cocompact proper G-manifold M , possibly with boundary, in terms of the zeros 
of an equivariant vector field. 

Consider an equivariant vector field S on M, i.e., a G-equivariant section of 
the tangent bundle TM of M . Suppose that S is transverse to the zero-section 
i: M ^ TM, i.e., if S(a;) — 0, then T-^(,j.yTM is the sum of the subspaces given 
by the images of T^S: T:^M Ts(a;){TM) and TJ: T^M Ts(^){TM). Any 
equivariant vector field on M can be changed by an arbitrary small perturbation 
into one which is transverse to the zero-section. We want to assign to such a S 
its equivariant index as follows. 

Since S is transverse to the zero-section, the set Zero(S) of points x G M 
with 2(a;) = is discrete. Hence G\ Zero(S) is finite, since G acts properly on 
M and G\M is compact by assumption. Fix x S Zero(S). The zero-section 
i: M ^ TM and the inclusion j^'- T^M TM induce an isomorphism of 
Ga;-representations 

TJ ® r,j, : T,M ® T,M ^ T,(,) (TM) 

if we identify Ti(^x){TxM) — T^M in the obvious way. If pr^, denotes the pro- 
jection onto the fc-th factor for k — 1,2 we obtain a linear G^j-equivariant 
isomorphism 

d,S: T,M ^Tsi^^iTM) , T^MqT^M ^ T,Af.(6.4) 



Notice that we obtain the identity if we replace prj by prj^ in the expression ( |6.4[) 
above. The G^j-map d^^S induces a Ga;-map (d^jS)^ : T^M^ — > T^M'^ on the one- 
point compactification. Define analogously to the local equivariant Lefschetz 
class (see Definition fl.6| ) the equivariant index of S 

i'^{E) e U'^{M) (6.5) 
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by 

GxeG\ Zcro(H) 

We say that S points outward at the boundary if for each x G dM the tangent 
vector S(a;) G T^M does not lie in the subspace T^dM and is contained in 
the half space T^M^ of tangent vectors u G T^M for which there is a path 
■u;: [-1,0] M with w(0) = x and w'(0) = u. If = 0, this condition is 
always satisfied. 

Theorem 6.6 (Equivariant Euler characteristic and vector fields) Let 

M he a cocompact proper smooth G-manifold. Let R be a G-equivariant vector 
field which is transverse to the zero-section and points outward at the boundary. 
Then we get in U'^{M) 

Proof : Let $: M x (— oo, 0] — > M be the flow associated to the vector field S. 
It is defined on M x {~oo, 0] since S is equivariant and points outward and M 
is cocompact. Moreover, each map $_e : M ^ Af is a G-diffeomorphism and 
G-homotopic to idjv/ for e > 0. This implies 

A«(<i>_,) = A«(idM) = 

Because of the equivariant Lefschetz fixed point Theorem it remains to prove 
for some e > 

If we choose e > small enough, the diffeomorphism : M M will have 
as set of fixed points Fix(0_e) precisely Zero(S). It suffices to prove for x G 
Zero(5) = Fix($_,) 

mg^-{{d,m = Deg^-((id-T,<i>_,)^). 

Recall that the character map ch'^'' : A{Gx) —>■ n(ff)econsub(G^) ^ i^) is 



injective. We conclude from ( [4. 5]) that it suffices to prove for any subgroup 
H C Gx the equality of degrees of self-maps of the closed orientable manifold 

{{TxMr)" = mM)"Y 

deg(((d,sn^) = deg(((id-T.<l>_,r)^). (6.7) 
It suffices to treat the case H = {1} and dim(Af) > 1 — the other cases are 



completely analogous or follow directly from the definitions. Since (6/7) is of 
local nature, we may assume M = R" and x = 0. In the sequel we use the 
standard identification TE" = M" x R". Then the vector field S becomes a 
smooth map S: R" with S(0) = and dpS becomes the differential TqS. 

Let $ be the flow associated to S. Choose e > and an open neighborhood 
U C R" of such that $ is deflned on U x [— e, 0]. By Taylor's theorem we can 
find a smooth map rj: U x [— e, 0] R" such that for t G [— e, 0] and u ^ U, 

(t>t{u) = u + t- E{u) + t^ ■ r]t{u) . 
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This implies 

To^t = id+t-{ToE + t-Tor,t). 

Since [— e, 0] is compact, we can find a constant C independent of t such that the 
operator norm oiT^-qt satisfies ||Tor?t|| < C for t G [— e, 0]. The differential TqS is 
an isomorphism by assumption. Hence TgE! + 1 ■ T^rji is invertible for t G [—D, 0] 
if we put D :— min{e, C"^ 
id — To$t is invertible and 



||(ToS)-i||-i}. Hence we get for t G [-D,0] that 
det(id-To$t) _ det{ToE + 1 ■ TQr]t) det{ToE) 



|det(id-ro$OI 



\det{ToE + t-ToT]t) 



|det(ToS)| 



Hence (6.7) follows if we take e > small enough. This finishes the proof that 
Theorem |6.6| follows from Theorem |0. 



Remark 6.8 Let M be a proper cocompact G-manifold without boundary. If 
M possesses a nowhere- vanishing equivariant vector field, then x'^{M) = by 
the Theorem |6.6[ The converse is true if M satisfies the weak gap hypothesis 
that dim(M>^a;)) < dim(Af<^- (a;)) ~ 2 holds for each x G G^- The proof is 
done by induction over the orbit bundles and the induction step is reduced to the 
non-equivariant case. The weak gap condition ensures that M"^- (x) - M>^- (x) 
is connected for x G M. It is satisfied if all isotropy groups of M have odd 
order. For finite groups G more information about this question can be found 
in Remark 2.5 (iii) on page 32]. 

Example 6.9 Let D be the infinite dihedral group Z? = Z xi Z/2 = Z/2 * Z/2. 
We use the presentation D = {s,t \ = l,s~^ts — t~^) in the sequel. The 
subgroups Ho = {t) and Hi = (ts) have order two and {{l},Ho,Hi} is a 
complete system of representatives for the conjugacy classes of finite subgroups 
of D. The infinite dihedral group D acts on R by s • r = —r and t ■ r = r + 1 for 
r G K. The interval [0, 1/2] is a fundamental domain for the _D-action. There is 
a £)-CM^-structure on R with {n | n G Z} ]J{ri + 1/2 | n G Z} as zero-skeleton. 
Let Xii D/ Hi ^ R he the D-map sending IHi to for i = and to 1/2 for 
i = 1. Let y: D — > R be the D-map sending 1 to 0. Then R has two equivariant 

0- cells, which have xq and xi as their characteristic maps, and one equivariant 

1- cell of orbit type D/{1}. 

WegetIsHo(£';R) = {[a;o], [xi], [y]}. RecaU that C/^(R) is the free Z-module 
with basis IsHo(-D;R). Hence we write 

f/^(R) ^ Z([a;o]) © Z{[xi]) © Z([y]). 

We conclude from (|6.2| ) 

X^(M) = [xo] + [xi] - [y]. 
This is consistent with the original Definition |6.l| , since 

x{WdHA{^"^{x^),R>"^{x,))) = x({pt.}) = i; 
x{WD{l}\{R^'Hy),R'-^'Hy)) = x([0,l/2],{0,l/2}) = -l. 
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The character map (5.1) is given by 




^''(R) = < 10}: t/^(M)=Z([xo])®Z([xi])®Z([2/]) 



^ Z([a;o]) ©^([xi]) ©Z([y]) 

since the D-set mor(y, Xi) is D/Hi and the sets moT{xi,y) and mor^Xi, Xj) for 
i ^ j are empty. The character map sends (R) to the various orbifold Euler 
characteristics which therefore must be 

x'2^°^'(K^'(x.)) = 1; 
x^^W = 0. 

One easily checks that this is consistent with the Definition |6.l| of the orbifold 
Euler characteristics. 

Let 5 be a vector field on R. Under the standard identification TR = M x R 
this is the same as a function S : M — > K. The vector field S is transverse to the 
zero-section if and only if the function S satisfies S(z) = ^ 0. The 

vector field S is D-equivariant if and only if S(— z) = — S(z) and — S(z-l-l) 
holds for all z £ R. Let S be a Z?-equivariant vector field transverse to the zero- 
section. For example, we can take S(z) — sin(27rz). 

We conclude S(0) from S(-z) = -S(z) and S(l/2) = from S(l - z) = 
— S(z). Let zo ^ < zi < Z2 < ■ ■ ■ < Zr — 1/2 be the points z e [0, 1/2] for 
which S(z) — 0. (The example of sin(27rz) shows the minimum value of r is 1.) 
For i £ {0,1, . . . ,r} put 6i = j^^^^^. Since S is different from zero on {zi, z^+i), 
we have J^+i = —6i for i £ |0, 1 , ... , r — 1}. Let dz^S : r^.K — > r^.K be the map 
associated to S at z^ (see (|6.4|) ); this is simply multiplication by S'(zi) under 
the standard identification TzM = R. The degree of the map (d^.S)'^ induced 
on R'^ = is 6i. For i = 0,r the isotropy group Dz^ = Z/2 acts on R by — id. 
Hence the degree deg ((dz^S)-^^; )'^) is by definition 1 since dim(R^^i) = 0. We 
conclude from (4.5) for i ~ 0,r 



Deg^-(4.S) = [H/H] + ^^-[H/{l}] £ A{Dz 

and for i G {1, 2, . . . , r — 1} 

Deg^-(4,S) = 6,-[{l}] £A{{1}). 
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Hence we get for the equivariant index 



r-l 



^^{E) = [xo] + . [y] + [x,] + • [y] + ^ ■ [y] 



r-l \ 



2 2 

1 , (-1)^ 



i=l 
r-l 



[xo] + [xi] ^[y] + S,-[-+ '—^ + J2i-iy ■ [yo] 



1=1 



= [xo] + [.xi] - [y] + 5o • • [yo] 

= [xo\ + [xi] - [y]. 



This is consistent with Theorem 3.6 



7. Constructing equivariant manifolds with 
given component structure and universal 
equivariant Euler characteristic 



In this section we discuss the problem of whether there exists a proper 
smooth G-manifold M with prescribed sets 7ro(M^) for H <Z G, and whether 
x'^{M) can reahze a given element in U'^ . 

Let Or(G'; J^in) be the orbit category for the family of finite subgroups, 
i.e., objects are homogeneous spaces G/ H for finite subgroups H <Z G and mor- 
phisms are G-maps. A contravariant Or(G; J-in)-set S' is a contravariant functor 
from Or(G; J- in) to the category of sets. Given a G-space X, define a contravari- 
ant Or(G; JPm)-set TrojX) by sending G/H to tto{X") = ttq (map^ (G/i7, X)). 
Next we investigate under which conditions a contravariant Or(G; ^zn)-set S 
arises from a finite proper G-Giy-complex. 

Lemma 7.1 For a contravariant Or{G] Tin)-set S: Or{G; J-in) Sets the 
following assertions are equivalent: 

(a) There are only finitely many elements {H) G consub(_ff) with S{G/H) ^ 
0. For any finite subgroup H C G the set WH\S{G / H) is finite and the 
isotropy group WHg of each element s £ S{G/ H) is finitely generated; 

(6) There is a proper finite G-CW -complex X such that there exists a natural 
equivalence T: no{X) ~f S. 

Proof : ^ (j^) Since X is finite, there are finitely many elements (i^i), {K2), 
. . . , {Km) in {(K) G consub(G) | \K\ < 00} such that for each equivariant cell 
G/H X Z?" there is i G {1,2, . . . , m} with (H) — {Ki). Hence any subgroup 
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H C G with 7^ is conjugate to a subgroup of one of the i^T^'s. Since a finite 
group has only finitely many subgroups, the set {{H) G consub(G') | ^ 0} 
is finite. 

Since X is finite and proper and WH\{G / K^) is finite for each finite group 
H C G and subgroup K C G, the TW/-Ciy-coniplex X^ is finite proper for 
each finite subgroup H C- G. Hence the quotient space WH\X^ is a finite 
CM^-complex and has only finitely many components. Since WH\ttq{X^) = 
TToiWH\X"), the set W\7ro(X^) is finite. 

Consider a finite subgroup H C_ G and a component C G tto{X^). Let 
WHc be the isotropy group C. Then C is a connected proper finite WHc-CW- 
complex. The long exact homotopy sequence of the fibration 

C ^ EWHc y-wHc C BWHc 

shows that WHc is a quotient of tti [EWHc x wHc C") • Since for any finite sub- 
group K C WHc the VKffc-space EWHc x wHc WHc /Kis homotopy equivalent 
to BK and hence to a CM^-complex of finite type (a Ciy-complex for which 
each skeleton is finite), C is built out of finitely many cells G/K x D^, K C G 
finite, and EWHc xwHc WHc/K has the homotopy type of CM^-complex of 
finite type. This implies that Tri{EWHc XwHc is finitely generated. Hence 
WHc is finitely generated. 

(i) ^ (i) Choose an ordering {Hi), {H2), . . . , (Hr) on the set {(H) G consub(G) | 
S{G/H) ^ 0} such that Hi is subconjugate to Hj only if i > j holds. Define 

^0 := U II ^Z^- 

i=l WH,\S{G/Hi) 

Define a transformation 0o : ttq{Xo) S sls follows. Fix an object G/K G 
Or{G]Tin). Then 7ro(Xo) evaluated at this object G/K is given by 

s 

W W mapa{G/K,G/H,) 

i=l WHi\S(G/H) 

since Tro{G/ H^) ~ ma.pQ{G/K,G/Hi). Now require that (j)o{G/K) sends 
a G-map a G ma.pc{G/K,G/Hi) belonging to the summand for WHi ■ s G 
WH,\S {G/ Hi) to S{a){s). One easily checks that (/io(G/i?) : MX") S{G/H) 
is surjective for all H C G. 

In the next step we attach equivariant one-cells to Xq to get a G-GW- 
complex X together with a transformation 0: tto{X) S, such that the com- 
position of (j) with the transformation ttq^Xq) — > Tro{X) induced by the inclusion 
is (j)Q, and (j){GIH) is bijective for all H C G. We do this by constructing by in- 
duction a sequence of proper cocompact G-GM^-complexes Xq Q Xi C . . . C Xr, 
together with transformations 1/)^ : Tro{Xi) — > S such that the composition of (j)i 
with the transformation 7ro(Xi_i) — > no{Xi) induced by the inclusion is (pi-i, 
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(f>i{G/Hj) is bijective for all j < i, and Xi is obtained from Xi-i by attach- 
ing finitely many equivariant cells of the type G/Hi x D^. Then we can take 
X — Xr and (f> — (pr- 

The induction beginning is Xq together with c/jq. The induction step from 
i - 1 to i is done as follows. Consider WH, ■ s e WH,\S{G/Hi). Let {WHi)^ 
be the isotropy group of s under the WTJ^-action on S{G/Hi). The preimage of 
s under (j)i^i{G / Hi) : 7ro(X/^\) S{G/Hi) consists of finitely many {WHi)s- 
orbits since WHi\Ko{X^J:-^) is finite by the implication ^ which we have 
already proved. Let u{s)i, u[s)2, ■ ■ ■ , u{s)y be a system of generators of {WHi)s 
which contains the unit element 1 e {WHi)s- Fix elements C(s)i, C(s)2, . . . , 
C(s)ri(s) in 4>T\{^ I snch that 

{WH,)M^-i{G/H,)-\s) = {{WHi), ■C{s\\i = 1,2... M^)} 

and {WHi)s-C{s)j = {WHi)s-C{s)k impliesj = k. Now attach for each W7?i-s G 
WHi\S{G/ Hi), each generator u{s)i, each C{s)j an equivariant cell G/Hi x 
to Xi-i such that {IHi} x connects Ci(s) and M(s)i • Cj{s). The resulting 
G-CVF-complex is the desired G-Ciy-complex Xi, one easily constructs the 
desired transformation out of ■ 

Notice that for a finite group G the statement (^) in Lemma [7.1| is equivalent 
to the statement that S{G/H) is finite for all subgroups H C G. If we take as 
Or(G; J^m)-set the functor 5 which sends G/{1} to {*} and G/H for H ^ {1} 



to 0, then Lemma [7. 1| boils down to the statement that there exists a connected 
finite free G-GM^-complex X if and only if G is finitely generated. 

Now given a contravariant Or(G; .Fm)-set S, we define U'^{S) to be the 
free abelian group on IJ(g)gconsub(G) WH\S{G/H). If S satisfies the equivalent 
conditions of Lemma |7.l| , then c lear ly this is naturally isomorphic to U'^{X), 
with X as in part (b) of Lemma [7.l[ 

Next we prove that is X is a finite proper G-GM^-complex, then any element 
u G U'^{X) can be realized from x*^ of a manifold. More precisely, there is a 
G-map f : M ^ X with M a G-manifold, such that U^{f) is an isomorphism 
sending x'~^{M) to u. We are grateful to Tammo torn Dieck for pointing out to 
us the use of the multiplicative induction in the proof of the next result. 

Lemma 7.2 Let X be a finite proper G-CW -complex and u G U'-^{X). Then 
there is a proper cocompact G-manifold M without boundary together with a 
G-map f : M X with the following properties: 

For any x G M the G^ -representation T^M is a multiple of the regular G^- 
representation R[Gx] for G^ the isotropy group of x £ X. The dimensions of 
the components G £ 7ro(Af) are all equal. The components of are orientable 
manifolds for each H C G. The induced map 7ro(/^): tto{M^) — > ttq{X^) is 
bijective for each finite subgroup H <Z G. The induced map 

U^if): U^{M) ^ U^{X) 
is bijective and sends x'^(M) to u. 
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Proof : In the first step we want to reduce the claim to the case, where X is 
a finite proper 1-dimensional G-C W-complex such that for any x: G/H X 
there is a zero cell G/H which meets X^ . 

If the G-map f : X Y oi proper G-G VK-complexes induces bijections 
7ro(/^): nQ{X^) ^ t:o{Y^) for all finite subgroups H C G, then the induced 
map U'^{f) : U^{X) U'^{Y) is bijective by (^T^). In particular the inclusion 
of the 1-skeleton ii: Xi ^ X induces a bijection U^{ii). 

Since Xi is finite and proper, WH\Tro{X^) is finite for all finite subgr oup s 



H C G and the set e consub(G) | X" ^ 0} is finite (see Lemma |7j|) 

We conclude from ( |3.3| ) that Is7ro(G,Xi) is finite. Fix for any [x: G/H ^ Xi\ 
a representative x: G/H X whose image lies in Xq. This is possible by 
the equivariant cellular approximation theorem. Define a finite proper G-CW- 
complex Y by the G-pushout diagram 



U 



x: G/H^X]£ 



Ulx: a/H^x]e G/Hx{0} ^^^"^'^^^^ ^ X, 



Is 7i-o(G,X) 



«3 



1J[.: G/H^x]e G/H X [0, 1] > Y 

Is7ro(G,X) 

where J2 is the inclusion. Since ^2 is a G-homotopy equivalence, is a G- 
homotopy equivalence. Let i^^ : Y Xi he a, G-homotopy inverse. Then 
U^{ii o i^^): U^{Y) U^{X) is a bijection and F is a finite proper G-GW- 
complex such that for each G-map y: G/H Y there is a zero cell G/H 
which meets Y^{y), namely G/H x {1} C G/H x [0,1] for the corresponding 
[x] e Isno(G,X) in the pushout diagram above. Hence we can assume without 
loss of generality X — Y in the sequel. 

Fix a number n such for any H (- G with X^ ^ the order divides 
n. Let G/ffi, G/ H2, ■ ■ ■ , G/Hr be the equivariant zero-cells of X. Let Ni be 
a 4ri/ 1 iJi I -dimensional closed oriented manifold. Let Yin closed Hi- 

manifold with the i?,j-action coming from permuting the factors. This is called 
the multiplicative induction or coinduction of N.^. One easily checks that for 
K C Hi the if-fixed point sets of YIh diffeomorphic to n£'/^' ^^'^ 

hence a closed connected orientable manifold which is non-empty. Moreover, 
the (iJj)2,-representation (H/f -^0 ^ multiple of the regular real {Hi)^- 
representation for all x e Y\h Ni. The manifolds Ni will be specified later. 
Given an orthogonal ff -representation V of a finite group H, we denote by DV 
and SV the unit disk and the unit sphere and by mt{DV) = DV — SV the 
interior of DV. Define the 4n-dimensional proper cocompact G-manifold Mq to 

Mo = Y[Gxh, (Y[nA . 

4=1 \H, ) 

Let /o : A/o — ^ X be the map which is on G X//. (Hir N/) given by the canonical 
projection onto the cell G/Hi = G x^. {*}. 
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Fix a G-pushout describing, how X = Xi is obtained from Xq by attaching 
equivariant one-cells 



X 



Consider a G-map a: G/K — » G/H for finite subgroups H,K CG. Suppose 
that \H\ and \K\ divide n. Choose g £ G such that g~^Kg C H and a sends g' K 
to g'gH. Let Cgi K H he the injective group homomorphism g' i— > g~^g'g. 
The if-representations and c*gM.[H\'^-^l\"\ , which is obtained from 

the ^-representation M[Jf]^"/l^l by restriction with Cg, are isomorphic. Choose 
an isometric Cg-equivariant linear isomorphism 

Choose a small number e > and an element w e K[-ff such that 1 1 w| | = 1, 

the iJ-isotropy group of w is g^^Kg and the distance of two distinct points in 
the iJ-orbit through w is larger than 3e. The following map is a G-embedding 



in/\K\ 



GxhM[//]4"/I^I, {g',v) ^ {g'g,e-cl>{v)+w) 



such that the following diagram with the canonical projections as vertical arrows 
commutes: 



G/K 



■4, 



G/H 



Using the construction above with appropriate choices of w and e we can find a 
G-embedding 

s 

i=i 



such that the following diagram commutes: 



pr 



UUG/KixS^ 



Mo 

/o 
^0 
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where pr is the obvious projection. Let Mq be the proper cocompact G-manifold 
with boundary 

= Afo - * I IJ G x;^^ (int (^[i^jf "/l^^l) X S°'^ 

Define a smooth G-manifold M by the following pushout 

x^^. (5R[i^,f«/|i^,l X 5") A/^ 

lJ'=i G xk, (5R[ifjf"/l^^l X — M 

where denotes the restriction of . The map /q: A/q ^ -''^o defines a 
map J^: Xq by restriction. Since (S'R[Xj]4"/|i^l)i for each L C K, 

and (Hif -^i)^ for each L C_ Hi are non-empty and connected, the maps /g 
and the projections pr: UUi^ (S'M[Xj]*"/I'^I x S°) lJj=i G'/i^j x 
5° and pr: UUi ^ {SR[Kj]*'^/\^\ x D^) Uj^i G/Kj x ZJi induce on 
the L-fixed point set 1-connected maps for each L C G. Hence the G-map 
f:M — > X, which is induced by these three maps and the pushout prop- 
erty, induces a 1-connccted map on the L-fixed point sets for each L C G. 
In particular 7ro(/^): ttq{M^) ttq(X'") is bijective for each L C G and 
the map U^{f): U^{M) ^ U^\X) is bijective by (|!|). Obviously the G^- 
representation T^M for any point x G Af is a multiple of the regular Gx- 
representation K[Gx]- 

The following diagram commutes 

C/«(A/o) U<^{M^) 

U^(X,) U^iXo) 

where zq, ii and denote the inclusions. 

Next we compute U'~^{f){x'~^{M)). We get by the sum formula for the uni- 



(7<3(/)|- 



U^i^^) rrG 
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versal equivariant Eulcr characteristic Theorem 5.4 on page 100] 
t^'^(/)(x'=(M)) 



+ C/^(/ o^) I x"" I LI G XK, (^E[i^,f "/l^.l X 



where is the inclusion. Since (S'M[_ft'j]'*"/l^5l)^ is an odd-dimensional sphere 
and hence has vanishing (non-equivariant) Euler characteristic for each L C Kj, 
the element {SRlKj]"^"-/^^^^) in f/^^ ({*}) = A{Kj) is sent to zero under the 

injective map Xo' ■ M^j) n(L)Gconsub(K,) ^- This implies 
and hence 



X^ 



The space DR[A'j]"'"/l-^^l is ifj-homotopy equivalent to {*}. Hence 
C/^(*5 ° /o o *) I x« I IJ G XK, "/l^^^l X 5' 



t/''(»5 ° /O o VI/ o Z7) II G XA- 5" 



= 2.^C/«(2;,)(x^(G/7^,)), 

where ir is the inclusion and : G/ Kj ^ X is the restriction of the charac- 
teristic map of the one cell G/K^ x to G/Kj x {1/2}. If x° : G/iJ, ^ X 
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is the characteristic map of the 0-cell G/Hi and ai : Hi ^ G the inclusion, we 
conclude 



S 

2.J2u^{x,){x''iG/K,)). (7.3) 



The element {YIh ^0 ^ ^(^i) is sent under the injective character map 

(K)consub(ffi) 

to (x(iVi)'^^-^' I (^) e consub(i7,)}- This implies 

+ E XiK)ixiN^))■[HJK] (7.4) 

(if)Gconsub(Hi), 

for appropriate functions X(k) : Z Z. We can order the equivariant zero-cells 
G/Hi of such that Hi is subconjugate to i/j only if i > j holds. We conclude 



from (7.4) that for an appropriate map /i, the composition 

0Z A 0Z = U^{X,) U^{X,) 
1=1 1=1 

sends {x(iV,) | i = 1, 2 . . . , r} to El=i U^i^^i) o (a,)* (x^- (Ilif. ^0) ' ^^ere 
?8 : X{) ^ X is the inclusion and ^ is given by 

(r r r 

E^i'j(°^j)'E^2,i(aj), • ■ • ,^/ir,i(aj), 

for (not necessarily linear) maps ^i,j : "L ^ "L for which = for i > j and 
/Xj^j = id. The map U^{i^) is surjective and the map /i bijective. Since for any 
integer k and any positive integer I there is a closed connected 4Z-dimensional 
manifold N with x{^) — we can find appropriate Ni with the right Euler 
characteristics xi^i) such that for a given element u e U'~^{X) 

^C/«(a;0)o(aO*(^X^*(^n^')) = u + 2 • ^ C/«(x,)(x^(G/i^,)). 

(7.5) 
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We conclude from (|7j) and (|7j) that 



C/^(/)(x'^(A^)) =u. 
This finishes the proof of Lemma ■ 



Putting Lemmas 7.1 and |7.2| together gives the foUowing result on the real- 
ization problem: 

Theorem 7.6 Let S be a contravariant Or (G; J- in) -set, and suppose that there 

are only finitely many elements (H) e consub(_ff) with S(G/H) / 0. Also 

assume that for any finite subgroup H C G, the set WH\S{G / H) is finite, and 

that the isotropy group WHs of each element s G S{G/H) is finitely generated. 

Let u e U^{S). Then there is a proper cocompact G-manifold M {without 

— ^ 

boundary) and there is a natural equivalence T: 7ro(M) — > S sending x {M) 
to u. 
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